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ABSTRACT
The deformed algebra A(R), depending upon a Yang-Baxter R- matrix, is con-
sidered. The conditions under which the algebra is associative are discussed for a
general number of oscillators. Four types of solutions satisfying these conditions
are constructed and two of them can be represented by generalized Jordan-Wigner
transformations.Our analysis is in some sense an extension of the boson realization
of fermions from single-mode to multimode oscillators.
The introduction of q-deformations of the Heisenberg-Weyl algebras [1] has led
to the investigation of particles obeying the statistics different from the ordinary
Bose and Fermi statistics, referred to as q-bosons and q-statistics,respectively.
Two particularly useful formulations of the q-deformed associative Heisenberg-Weyl
algebra are proposed through (i) constant solutions of the Yang-Baxter-Hecke equa-
tions (R-matrices),which generalize the notion of permutational symmetry [2], and
(ii) generalized Jordan-Wigner mappings from the undeformed Bose algebra [3], re-
sembling bosonization techniques widely used in nuclear physics [4] and other fields
of theoretical physics [5]. These two approaches may be considered as complemen-
tary in the sense that there exist q-algebras which can be formulated in terms of
R-matrices but not as regular mappings from the Bose algebra, and vice versa.
In a recent paper [6] the investigation was started with the algebra of covariant
Pusz-Woronovicz oscillators and the corresponding SU(n)q R-matrix formulation of
the deformed Bose algebra. Then, the same form of deformed algebras for a general
R-matrix was postulated. Under the requirements of associativity and hermiticity, a
set of conditions ( the Yang-Baxter and the Hecke equations ) was obtained. These
equations were solved for two oscillators using an ansatz that the R-matrices are of
the eight-vertex type, and three types of solutions were found.
In this paper we construct four classes of deformed algebras for the general case
of n oscillators with the corresponding R-matrices. The main characteristic of these
algebras is whether or not they can be obtained by continuous mapping from the
Bose algebra.This can be viewed as a generalization of the boson realization of
fermions to multimode oscillators of various types [7].
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Let us start with the R-matrix deformed algebra [6] for n oscillators
aiaj − pRij,klalak = 0
aia
+
j − p
′Rki,jla
+
k al = δij
(1)
where p and p’ are real parameters and (i, j, k, l) ǫ (1, 2, ....n). The associativity and
hermiticity requirements lead to the following conditions:
(A) the Yang-Baxter equation
∑
u,v,w
Rab,uvRvw,cdRue,fw =
∑
u,v,w
Rbe,uvRwu,fcRav,wd
(B) the Hecke condition
(pRˆ− 1)(p′Rˆ + 1) = 0
where Rˆ=PR and P is the permutation operator Pij,kl= δjkδil, and the hermiticity
requirement is Rij,kl = R
∗
lk,ji or Rˆ
+ = Rˆ.
For general n, there are two types of solutions given by
(i) pRˆ = 1 i.e. pR = P
with the corresponding algebra
aia
+
j = Qδij (2)
where
Q = 1 +
p′
p
n∑
i=1
a+i ai (3)
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(ii) p′Rˆ = −1 i.e. p′R = −P
with the corresponding algebra
aia
+
j = Qδij
aiaj = 0
(4)
where
Q = 1−
n∑
i=1
a+i ai (5)
The main characteristic of solutions (i) and (ii) is that there exists no mapping
to the Bose algebra . In case (i) there are no commutation relations between the
annihilation ai, aj ( creation a
+
i , a
+
j ) operators. The ai, aj operators behave as
some kind of generalized quons and, in the limit p
′
p
=0, they are the same as quons
with q = 0 [8]. In case (ii), the oscillators behave as objects with the hard-core
condition a2i=0. This is in some sense similar to the fermionic algebra.The algebra
(4) is described by Klein and Marshalek in refs. [4] [9].
In addition to solutions (i) and (ii) there are other two types of solutions corre-
sponding to oscillators that can be obtained by mappings from Bose oscillators in
the form of generalized Jordan-Wigner transformations.
(iii) One mapping leading to the q-deformed algebra (1) is of the form
ai = [
n∏
j=1
(κijq)
θijNj ]bi
√
[Ni]χi
Ni
(6)
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where
[Ni]χi =
χNii − 1
χi − 1
χi =
q2 − 1
2
+ ǫi
q2 + 1
2
(7)
κij = κji ∈ {−1, 1}
ǫi ∈ {−1, 1}, q ∈ R
+
and Ni is the number operator for the i-th oscillator mode.
The corresponding deformed algebra is explicitly given by
(ǫi − 1)a
2
i = 0
aiaj = κijq
sgn(j−i)ajai
aia
+
j = κijqa
+
j ai, i 6= j
(8)
aia
+
i = q
2
∑
j
θijNj + χia
+
i ai =
= 1 + (q2 − 1)
∑
j
θija
+
j aj + χia
+
i ai
where θij is a step-function.
The corresponding R-matrix is of the form
p′R =
∑
i
χieii ⊗ eii + q
∑
i 6=j
κijeii ⊗ ejj + (q
2 − 1)
∑
i<j
eij ⊗ eji = q
2pR (9)
where (eij)kl = δikδjl.
In solution (iii) there are ( in addition to ordinary bosons, fermions and Green’s
oscillators for para-Bose and para-Fermi statistics [10] ) covariant Pusz-Woronowicz
oscillators of both the bosonic and the fermionic type. This is a generalization of
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the results in ref. [7] to multimode oscillators.The algebra in eq.(8) is automatically
associative and norms of the states in the Fock space are positive definite.
(iv) There is also another mapping leading to the q-deformed algebra (1):
ai = e
i
∑
j
(λij−λji)Njbi
√
[Ni]ξi
Ni
(10)
with λij real numbers and ξi = ±1. The oscillators ai are of the anyonic type in the
single-valued picture in (2 + 1) dimensions, where λij becomes the angle function
[3][11][12]. They satisfy the following algebra:
(ξi − 1)a
2
i = 0
aiaj = e
i(λji−λij)ajai i 6= j
aia
+
j = e
i(λij−λji)a+j ai, i 6= j
aia
+
i = 1 + ξia
+
i ai
(11)
ξi = 1 (ξi = −1) corresponds to the Bose - ( Fermi- ) type commutation rela-
tion.The above algebra can be written in the R-matrix formulation,eq.(1), only for
ξi = ±1.
Then,the corresponding R-matrix is
p′R =
∑
i
ξieii ⊗ eii +
∑
i 6=j
ei(λij−λji)eii ⊗ ejj = pR (12)
or
(pR)ij,kl = e
i(λij−λji)δikδjl + (ξi − 1)δijδikδjl (13)
This R-matrix can be written in the continuum limit leading to the q-deformed field
theory in (2 + 1) dimensions [11]. Pure anyons are characterized by λij − λji =
5
λπsgn(i− j),with λ = const. We point out that multivalued anyons in 2+ 1 dimen-
sions [13] can also be written in the form of multivalued mapping to bosons [14] and
the corresponding algebra is given by
aiaj = e
iλ∆ajai
aia
+
j = δij + e
iλ∆a+j ai
∆ = {π(1 + 2z); z ∈ Z}
(14)
and the R-matrix is
(pR)ij,kl = (p
′R)ij,kl = e
iλ∆δikδjl (15)
where the R-matrix elements are multivalued numbers. ( The multiplication ”unit”
is of the form E = e2ikpiλ, kǫZ ).
Our solution (iv) of the anyonic type for n = 2 was overlooked in [6]. Adding this
solution to the solutions in [6] makes the list of solutions for n = 2 complete.This
can be checked by inspection of the complete list of solutions to the Yang-Baxter
equations for n = 2 [15]. Finally, there may exist other solutions with ”peculiar”
statistics for which no mapping to the Bose algebra exists ( for n = 2 see [6] ) and
the number operators do not exist in the usual sense. Owing to their ”peculiarity”,it
is interesting to discuss the Fock-space representation of ”peculiar” algebras and to
construct them for a general number of oscillators.The results of this investigation
are reported elsewhere [16].
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